Abstract. In this paper, a higher order shear and normal deformation theory is presented for functionally graded material (FGM) plates. By dividing the transverse displacement into bending, shear and thickness stretching parts, the number of unknowns and governing equations for the present theory is reduced, significantly facilitating engineering analysis. Indeed, the number of unknown functions involved in the present theory is only five, as opposed to six or even greater numbers in the case of other shear and normal deformation theories. The present theory accounts for both shear deformation and thickness stretching effects by a hyperbolic variation of ail displacements across the thickness and satisfies the stress-free boundary conditions on the upper and lower surfaces of the plate without requiring any shear correction factor. Equations of motion are derived from Hamilton's principle. Analytical solutions for the bending and free vibration analysis are obtained for simply supported plates. The obtained results are compared with three-dimensional and quasi-three-dimensional solutions and those predicted by other plate theories. It can be concluded that the present theory is not only accurate but also simple in predicting the bending and free vibration responses of functionally graded plates.
Introduction
The concept of functionally graded materials FGM was first introduced in 1984 by material scientists in the Sendai area of Japan. FGM is a class of composite materials that has continuous variation of material properties from one surface to another and thus eliminates the stress concentration found in laminated composites. Typically, the FGM is made from a mixture of a ceramic and a metal. FGMs are widely used in many structural applications such as mechanical, aerospace, civil, and automotive. When the application of FGMs increases, more accurate theories are required to predict their responses.
In the past three decades, researches on functionally graded material plates have received Corresponding author, Professor, E-mail: daouadjitah@yahoo.fr a Ph.D., E-mail: daouadjitah@yahoo.fr substantial attention, and an extensive spectrum of plate theories has been introduced based on the classical plate theory and shear deformation plate theory. The classical plate theory (CPT) neglects shear deformations and can lead to inaccurate results for moderately thick plates. This theory has been implemented for buckling analysis of FGM plates by Feldman and Aboudi (1997) , Abrate (2008) . First-order shear deformation theory (Reissner 1945 , Mindlin 1951 considers the transverse shear deformation effects, but needs a shear correction factor in order to satisfy the zero transverse shear stress boundary conditions at the top and bottom of the plate. Many studies of the mechanical behavior of plates have been carried out using FSDT (Moradi 2012 , Menaa 2012 , Yaghoubi 2013 Gafour 2015 , Baghdadi 2015 , Rashidi 2012 . To avoid the use of shear correction factors, several higher-order shear deformation plate theories have been proposed such as the theory propounded by Nelson and Lorch (1974) with nine unknowns, Lo et al. (1977) with eleven unknowns, Bhi-maraddi and Stevens (1984) with five unknowns, Reddy (1984) with five unknowns. Some higher order theories based on Carrera's unified Formulation (CUF) such as proposed in Refs (Neves 2012 , Reddy 2000 , Ait atman 2010 , Abdelhak 2016 , Ait yahi 2015 , Boumia 2014 , Bensatallah 2016 , Bellifa 2015 have been used also to study FGM structures. The majority of HSDTs used to investigate FGM plate mechanics have the same five unknowns. The resulting equations of motion are much more complicated than those yielded with FSDT. In addition, it should be noted that the above-mentioned two-dimensional plate theories discard the thickness stretching effect as they consider a constant transverse displacement through the thickness. This assumption is appropriate for thin or moderately thick FGM plates, but is inadequate for thick FGM plates (Qian 2004) . The importance of the thickness stretching effect in FGM plates has been identified succinctly in the work of . This effect plays a significant role in thick FGM plates and should be taken into consideration. In general, higher order shear and normal deformation theories which consider thickness stretching effect can be implemented using the unified formulation initially proposed by Carrera (2005) . More detailed information and applications of the unified formulation can be found in the recent books by . Many higher order shear and normal deformation theories have been proposed in the literature (Matsunaga 2009 ). These theories are cumbersome and computation-ally expensive since they invariably generate a host of unknowns (e.g., theories by Reddy (2011) with eleven unknowns; and Neves et al. (2012) with nine unknowns). Although some well-known quasi-three-dimensional theories developed by Zenkour (2007) and recently by Mantari and Guedes Soares (2012) have six unknowns, they are still more complicated than the FSDT. Thus, there is a scope to develop an accurate higher order shear and normal deformation theory, which is relatively simple to use and simultaneously retains important physical characteristics. Indeed, Huu and Seung (2013) presented recently a quasi-3D sinusoidal shear deformation theory with only five unknowns for bending behavior of FGM plates.
In this paper, an efficient and simple quasi-3D trigonometric shear and normal deformation theory with only five unknowns is developed for FGM plates. Contrary to the four-variable refined theories elaborated in (Hassaine Daouadji 2015 , Tlidji 2014 , Bennoun 2016 , Hamidi 2015 , Mahi 2016 , Adim 2016 , Benferhat 2016 , where the stretching effect is neglected, in the current investigation this so-called "stretching effect" is taken into consideration. Numerical examples are presented to verify the accuracy of the present theory. Fig. 1) -The transverse displacements are partitioned into bending, shear and stretching components; -The in-plane displacement is partitioned into extension, bending and shear components; -The bending parts of the in-plane displacements are similar to those given by CPT; -The shear parts of the in-plane displacements give rise to the trigonometric variations of shear strains and hence to shear stresses through the thickness of the plate in such a way that the shear stresses vanish on the top and bottom surfaces of the plate.
Problem formulation

The displacement field of the present theory is chosen based on the following assumptions (
Based on these assumptions, the following displacement field relations can be obtained
Where u 0 and v 0 denote the displacements along the x and y coordinate directions of a point on the mid-plane of the plate; w b and w s are the bending and shear components of the transverse displacement, respectively; and the additional displacement w z accounts for the effect of normal stress. In this study, the shape functions f{z) and g{z) are chosen based on the trigonometric function ξ(z) proposed as (Hassaine Daouadji 2013) 
Governing equations
Hamilton's principle is used herein to derive equations of motion. The principle can be stated in an analytical form as follows
where δU is the variation of strain energy; δV is the variation of potential energy; and δK is the variation of kinetic energy. The variation of strain energy of the plate is calculated by 
The variation of potential energy of the applied loads can be expressed thus
where q is the distributed transverse load. The variation of kinetic energy of the plate can be written in the form 
where the dot-superscript convention corresponds to differentiation with respect to the time variable t; and
are mass inertias, defined as follows
Substituting the expressions for δU; δV, and δK from Eqs. (6), (10), and (12) into Eq. (5) and integrating by parts, and collecting the coefficients of δu 0 ; δv 0 ; δw b ; δw s and δw z , the following equations of motion of the plate are obtained 
Constitutive equations
The material properties of FGM plates are assumed to vary continuously through the thickness. Three homogenization methods are deployable for the computation of the Young's modulus E(z) namely -The exponential distribution, -The power law distribution, -The Mori-Tanaka scheme.
For the exponential distribution, the Young's modulus is given as (Zenkour 2007) )
where E 0 is the Young's modulus of the homogeneous plate; E m =E 0 and E c =E 0 e P denote Young's modulus of the bottom (metal) and top (ceramic) surfaces of the FGM plate, respectively; E 0 is Young's modulus of the homogeneous plate; and p is a parameter that indicates the material variation through the plate thickness. For the power law distribution, the Young's modulus is given as (Reddy 2000 )
For Mori-Tanaka scheme, the Young's modulus is given as (Mori Tanaka 1973) ) 3 3 (18) where ( x ,  y ,  z ,  yz ,  xz ,  xy ) and (ε x , ε y , ε z , γ yz , γ xz , γ xy ) are the stress and strain components, respectively. The computation of the elastic constants C ij depends on which assumption of ε z we consider. If ε z =0, then C ij are the plane stress reduced elastic constants, defined as
If ε z ≠0 (thickness stretching), then C ij are the three-dimensional elastic constants, given by
Lamé's coefficients are:
The module E(z), G(z) and the elastic coefficients C ij vary through the thickness according to Eqs. (15), (16) 
where A ij , B ij , etc., are the plate stiffness, defined by 
Analytical solutions
Numerical results and discussions
In this study, various numerical examples are presented and discussed to verify the accuracy of the present theory in predicting the natural frequency of simply supported plates. Table 1 . Quasi-3D (Zenkour 2007 , Mantari 2012 theory is the HSDT (Hassaine Daouadji 2013) with a higher-order variation for the transverse displacement (ε z ≠0). The difference among quasi-3D theories comes from the use of shear strain shape functions. For example, the quasi-3D theory is based on trigonometric functions for both in-plane and transverse displacements, while the quasi-3D theory (Mantari 2012 ) is based on cubic function for the in-plane displacement and parabolic function for the transverse displacement. The results of the present model are also computed independently in this work using Eq. (29). For bending analysis, a plate subjected to a sinusoidal load is considered, for convenience, the following dimensionless forms are used 
Numerical results for bending analysis
Numerical results for bending analysis, an exponentially graded plate subjected to sinusoidal loads is considered. The effective Young's modulus is calculated using the exponential distribution (Zenkour 2007) in Eq. (15) and the power law distribution (Reddy 2000) in Eq. (16). Tables 2-9 contain dimensionless displacements and stresses for rectangular plates with various values of aspect ratio b/a, thickness ratio a/h, and material parameter P. The obtained results are compared with exact 3D solutions (Zenkour 2007) and those predicted by quasi-3D theories (Zenkour 2007 , Thai 2013 , Mantari 2012 , HSDT (Hassaine Daouadji 2013), and present model (Quasi -3D with trigonometric functions). It is noted that the exact 3D solutions (Zenkour 2007) are not available for a/h=10. It is observed that the present model and quasi-3D theories give solutions close to each other, and their solutions are in an excellent agreement with the exact 3D solutions. Inspection of Tables 2-9 demonstrates that the present computations are in very good agreement with quasi-3-dimensional solutions available in the literature.
Figs. 4-11 illustrates the distribution of displacements, deflection and stresses across the thickness of thick plates. The results presented demonstrate that the same accuracy is achievable with the present theory using a lower number of unknowns than other theories, and clearly highlights how the present theory is simpler and more easily deployed in FGM structural mechanics simulations. Again, an excellent agreement between the results is seen. Thus, the proposed quasi-3D trigonometric higher order shear and normal deformation theory is not only accurate but also simple in predicting the behavior of FGM plates. 
Numerical results for vibration analysis
The accuracy of the present model proposed quasi-3D trigonometric higher order shear and normal deformation theory is also verified with free vibration analysis of a simply supported FGM plate. The effective Young's modulus is estimated using the power law distribution with MoriTanaka scheme (1973) in Eq. (17). Table 10 contains the dimensionless fundamental frequencies of square Al/ZrO 2 plate. This approach has also been used by many other investigators and is applicable in zones of graded microstructure which possess a well-defined continuous matrix and a discontinuous particulate phase. It models with sufficient robustness the interaction of the elastic fields among neighboring inclusions. The non-dimensional fundamental frequency  is given in Table 10 for different values of thickness ratio and power law index. It is evident that the present model is in an excellent agreement with the 3D solutions (Mantari 2012 ) and quasi-3D solutions (Neves 2012 ). 
Conclusions
We have considered a quasi-3D trigonometric higher order shear and normal deformation theory for the thickness stretching effect has been derived for bending and vibration analyses for simply supported functionally graded rectangular plates. The effective material properties at points in the plate are assumed to vary in the thickness direction only according to a simple exponential law. The theory accounts for the stretching and shear deformation effects without requiring a shear correction factor. By dividing the transverse displacement into bending, shear and stretching components, the number of unknowns and governing equations of the present theory is reduced to five and is therefore less than alternate theories available in the scientific literature. From the present analytical, it is evident that the thickness stretching effect is more pronounced for thick plates and it needs to be taken into consideration in more physically realistic simulations. The results predicted by the proposed theory are in an excellent agreement with 3D solutions and the thickness stretching effect is more pronounced for thick plates and it needs to be taken in consideration in the modeling. Numerical results show that the proposed quasi-3D trigonometric higher order shear and normal deformation theory is not only accurate but also provides an elegant and easily implementable approach for simulating bending and vibration behaviors of FGM plates.
